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N={1,2,...}.
ad
Z=A...,-2,—-1,0,1,2,...}. QY
oY
Q = the set of rational numbers. /\”\ )
O~
R = the set of real numbers. o N
P N\ 0
N (ﬁ"}
R™ = the n-dimensional real space with the Euclidean topology. \f/ 3 Q)‘Zf‘\
- 2
C = the set of complex numbers. N s Q}‘
R o 74 N
N N &
C™ = the n-dimensional complex space with the Euclidean topologs(} \\,Q:/ @0
o :
NG ~A) D
a\Y% o & 3 4\
. W)
M, (R), M, (C) = the vector space of n x n real or ¢ ple&@\gtricgﬁg;/r\@'ctively.
) >
~- ¢ \:/ o

f', f" = the first and second derivatives of the function f, r péct\@?z
™ = the nth. derivative of the function f.

f o stands for the line integral over the curve C'.
I,, = the n X n identity matrix.

A~! = the inverse of an invettible matrix A.
S, = the permutation group on n symbols.

i =(1,0,0),7 = (0,1,0pand k& = (0,0,1).

In = < the natural logarithm of x (to the base e).

| X'| = the number of elements in a finite set X.

an the additive group of integers modulo n.

) arctan(:v) denotes the unique 6 € (—m /2, 7/2) such that tan § = x.

A’H vector spaces are over the real or complex field, unless otherwise stated.
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SECTION - A
MULTIPLE CHOICE QUESTIONS (MCQ) AN
LY
Q. 1-0Q. 10 carry one mark each. Y
.»’?\ o
X
Q.1 Let 0 < « < 1 be a real number. The number of differentiable functions y : [0, 1] %{0, 00),
having continuous derivative on [0, 1] and satisfying ,\\' ‘ N
O \O
/ «@ /\ %{b
Y = W) te] &
y(0) =0, I @
2 R
is T e
AN !
(A) exactly one. (B) exactly o \\\&s&

(C) finite but more than two.

Q.2 Let P : R — R be a continuous function such that P(x) >\Q for all z € R. Let y be a twice
differentiable function on R satisfying y"(z) + P(x)y' (x) — y(x) = 0 for all x € R. Suppose
that there exist two real numbers a, b (a < b) such that y(a) = y(b) = 0. Then

(A) y(z) = 0forall x € [a, b]. (B) y(x) > 0 forall z € (a,b).
(C) y(z) < 0forall z € (a,b). (D) y(x) changes sign on (a, b).

Q.3 Let f : R — R be a continuous function satisfying f(z) = f(z + 1) for all z € R. Then
(A) f is not necessarily bounded above.

(B) there exists a unique x¢ € R such that f(z¢ + m) = f(z0).

there is mo zy € R such that f(xo + 7) = f(xo).

(D) there exist infinitely many zy € R such that f(zo + 7) = f(z0).
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Q.4 Let f : R — R be a continuous function such that for all z € R,

1 &
/ f(zt)dt = 0. (%) Ay
0 Cn 4
’\ ./
Then f\
/\ /
(A) f must be identically 0 on the whole of R. \ O‘Q’
A
(B) there is an f satisfying () that is identically 0 on (0, 1) but not 1dentlca11(/\0 on the {@%le
of R. i Q;z'
0

(C) there is an f satisfying (x) that takes both positive and negatlve - values. Q/\

(D) there is an f satisfying (x) that is 0 at infinitely many poLQtshaut KS Homfféntlcally Zero.
< 1 \,

Q.5 Let p and ¢ be positive real numbers. Let D, be
ie, D; = {(z,y) € R? : 22 4+ y* < t?}. Define

Iyt //D @ +a° 1y

(A) only if p > 1. (B) only if p = 1.

Then limy_,, I(p, ) is finite

(O)onlyifp < 1. (D) for no value of p.

Q. 6 How many elements of the group Zs, have order 10?

(A) 10 (B)4 )5 (D)8
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Q.7 Foreveryn € N, let f,, : R — R be a function. From the given choices, pick the statement

that is the negation of AN
C\V
“For every x € R and for every real number € > 0, there exists an integer N > 0 such thaj;,
> | fnti(z)| < e for every integer p > 0.7 & \“’
\ £

(A) Forevery x € R and for every real number € > 0, there does not exist any, méger N >&
such that Y7 | | fy1i(z)| < € for every integer p > 0. & Q\%

(B) Forevery x € R and for every real number € > 0, there exists an mtéger N > %&ch that
S | fnti(x)| > € for some integer p > 0. N L Q/(\
o X \
(C) There exists z € R and there exists a real number € > 0 sucl{that for. eve\&mteger N >0,
there exists an integer p > (0 for which the mequahty Zﬁ\ 4 f I\K‘M (z&g € holds.

(D) There exists z € R and there exists a real number e 0 sucl;t tha}ffor every integer N > 0
and for every integer p > 0 the inequality ) X\ | f N+Z x\ﬂ _><\}\holds

Q. 8 Which one of the following subsets of R has a non-empty interior?
(A) The set of all irrational numbers in R.
(B) The set {a € R : sin(a) = 1}
(C) The set {b € R : 2% + bz + 1 = 0 has distinct roots}.

(D) The set of all rational numbers in R.

Q. 9 For an integer £ > 0, let P, denote the vector space of all real polynomials in one variable of
degree less‘than orequal to k. Define a linear transformation 7" : P, — Ps5 by

Tf(x) = f"(x) +xf(x).
Whigh one of the following polynomials is not in the range of 7?

= (A) x4+ %2 B) z? + 2%+ 2 Oz +a2°+2 D)z +1
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Q. 10 Letn > 1 be an integer. Consider the following two statements for an arbitrary n X n matrix

A with complex entries. AN

1%
AN
I. If A* = I, for some integer £ > 1, then all the eigenvalues of A are k™ roots of unit : 1/

II. If, for some integer k£ > 1, all the eigenvalues of A are k™ roots of unity, then A’%Q’In.

Then
(A) both I and II are TRUE.
(C) I'is FALSE but II is TRUE.

MA
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Q. 11 - Q. 30 carry two marks each.

Q. 11 Let M, (RR) be the real vector space of all n x n matrices with real entries, n > 2. \/\
Let A € M,(R). Consider the subspace W of M, (R) spanned by {I,,, A, A% ...}. Then/ghé-)"'
dimension of W over R is necessarily \”\ >
(A) co. (B) n?. (©) n. (D) at mostyi>~

N oA
N 0&
¥ >
Koo ) ‘1&
>< <b®
Q. 12 Let y be the solution of Q7 2
1 A 5. W@
(1+ )y (@) + 9/ (@) - T —y(@) =0, v cET, 00)? ¢ &°
Then BN c"\.{\'
N ';>$\\ &
(A) y is bounded on (0, c0). (B)y is boundedon (—1,0].
NS \
(C) y(x) > 2o0n (—1,00). (D) y at ins&?minimum atz = 0.

Q. 13 Consider the surface S = {(z,y,zy) € R3: 22 + 42 < 1}. Let F = yi + x] + k. If 1 is the
continuous unit normal field to the surface S' with positive z-component, then

// F-idS
S
equals

A) 7 B (©) . (D) 2.

14 Which one of the following statements is true?
p <) , AN Both I and II are TRUE. (B) I'is TRUE but II is FALSE.
£ v\ #(C) II'is TRUE but I is FALSE. (D) Neither I nor II is TRUE.
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Q. 15 Let f : N — N be a bijective map such that

%S) ’\
)AL, QY
n=1 n’ & 4
The number of such bijective maps is ¥ <, *
(A) exactly one. (B) zero. g\/\\ \08/
(C) finite but more than one. (D) infinite. o> (\()‘b

Q. 16 Define
5= Jim (1
Then
(A)S=1/2. (B) S =1/4.

Q.17 Let f : R — R be an infinitely differentiable function such that for all a,b € R with a < b,
f) = fla) _ f,(a_+b).
b a 2
Then
(A) f must be a polynomial of degree less than or equal to 2.
(B) f must be a polynomial of degree greater than 2.
(C) f is nota polynomial.

(D) fmust be a linear polynomial.
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Q. 18 Consider the function

fa) L ifre R\Q U {0},
‘T — { 4‘ N/
— 5 ife=12neZ\ {0}, p € Nand ged(n,p) = 1. y- 5
o\
NG
Then " 0
(A)allz € Q\ {0} are strict local minima for f. , /\\ \0@
(B) f is continuous at all z € Q. oy 0(\()‘%
(C) f is not continuous at all z € R \ Q. /\\ ()Q,Q)
o
(D) f is not continuous at = = 0. \»// & c‘)\Q’\
\’/\ EN
- \\\’\/ QI
Q. 19 Consider the family of curves 22 — y* = ky with paraqleter ke @ The equation of the
orthogonal trajectory to this family passing throu 1\1 ) is g@n@
(A) 23 + 3xy* = 4. (B) x4 Qxy @%
(C) y? + 22%y = 3. W), e 2 = 3.

Q. 20 Which one of the following statements is true?
(A) Exactly half of the elements in any even order subgroup of S; must be even permutations.
(B) Any abelian subgroup of Sj is trivial.
(C) There exists a.eyclic subgroup of S5 of order 6.

(D) There exists a normal subgroup of S5 of index 7.

Q.21 Let f :]0,1] = [0, 00) be a continuous function such that

(f(t))2 < 1+2/tf(s) ds, forall t € [0, 1].

Y ./,:’7?’- Then

i : /'i'tf//'QA) f(t) <1+tforallt € [0,1]. (B) f(t) > 1+ tforallt € [0, 1].
£ C) f(t) =1+t forallt € [0,1]. (D) f(t) < 1+ g forallt € [0,1],
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X X
Q. 22 Let A be an n x n invertible matrix and C' be an n X n nilpotent matrix. If X = e
Xo1 Xoo | ¢ /\
N\

is a 2n x 2n matrix (each X;; being n x n) that commutes with the 2n x 2n matrix B m\

A0 /
( 0 C ),then

(A) X711 and Xo9 are necessarily zero matrices.
(B) X192 and X5, are necessarily zero matrices.
(C) X11 and Xy, are necessarily zero matrices.

(D) Xi2 and Xo9 are necessarily zero matrices.

N
Q.23 Let D C R? be defined by D = R2\ {(z,0) : dhie function f : D — R
defined by
f(z,y) = zsin —
Then

(A) f is a discontinuous function on D.

(B) fisacontinuous function on D and cannot be extended continuously to any point outside
D.

(C) fis acontinuous function on D and can be extended continuously to D U {(0,0)}.

(D) f is a continuous function on D and can be extended continuously to the whole of R?.

Q. 24 Which one of the following statements is true?

Z, 4 )is isomorphic to (R, +).

Z,+) is isomorphic to (Q, +).
,+) is isomorphic to (Q/2Z, +).
Q/Z, +) is isomorphic to (Q, +).
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Q. 25 Let y be a twice differentiable function on R satisfying

" . —|z| ’\
y'(z) =2+ " zeR, ANV
y(0) = ~1, 4/ (0)=0. &7
P
Then >
N &
(A) y = 0 has exactly one root. ) ‘?}0
(B) y = 0 has exactly two roots. ;/\ (\()
i v
(C) y = 0 has more than two roots. ,\ Q()Qz
(D) there exists an zy € R such that y(x¢) > y(z) for all z € R. /j\"’:‘;:) A /'Coé’\
\ ENP
. “:/\’ \\\\/&Q,
Q.26 Let f : [0,1] — [0, 1] be a non-constant continuous fungt\il@n“sugl}‘tﬁéc;@‘o f = f. Define
N A
~ AY
By = {z € [0,1]; M) <5V
&

Then

(A) £ is neither open nor closed. (B) Ey is an interval.

(C) E; is empty. (D) E¢ need not be an interval.

Q. 27 Let g be an element of \S7 such that g commutes with the element (2, 6,4, 3). The number of
such g is

(A) 6. (B) 4. (C) 24. (D) 48.

Q. 28

t GG be a finite abelian group of odd order. Consider the following two statements:

emap f : G — G defined by f(g) = ¢ is a group isomorphism.

II. The product [[ ., g = e.

\\yA)Both T and 1T are TRUE. (B) Iis TRUE but IT is FALSE,
{C) I is TRUE but I is FALSE. (D) Neither I nor 1I is TRUE.
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Q.29 Letn > 2 be an integer. Let A : C* — C" be the linear transformation defined by

Az1, 29,0y 2n) = (2n, 21, 22, « -+ Zn—1)- \\‘/
-4
Which one of the following statements is true for every n > 27 \f/\ d
(A) A is nilpotent. (B) All eigenvalues of A are og\m(hulus 1. \0‘
(C) Every eigenvalue of A is either 0 or 1. (D) A is singular. ’),\ (\(b
&

Q. 30 Consider the two series

o0

1
Which one of the following holds?
(A) Both I and II converge. (B) Both I and II diverge.
(C) I converges and II diverges. (D) I diverges and II converges.
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SECTION - B
MULTIPLE SELECT QUESTIONS (MSQ) AN
QY
Q. 31 - Q. 40 carry two marks each. \ 4
Q.31 Let f : R — R be a function with the property that for every 3 € R, the value of the expfression
LY &
sup [y — f(v)] <O el
zeR \/)\\v Q%
is finite. Define ¢g(y) = sup,cp [y — f(x)] for y € R. Then O @
O

O fg) »L

(A) gisevenif fiseven. (B) f must satisfy-“}im i@%&\—i—oo.
R VO X ()
(C) g is oddif f is even. (D) f mp%/sgﬂsfy:\%&&)w = —00.
N .\(b
&
Q. 32 Consider the equation
22021 4 22020 7 L g

Then
(A) all real roots are positive. (B) exactly one real root is positive.
(C) exactly one real root is negative. (D) no real root is positive.

Q.33 Let D =R?\ {(0,0)}. Consider the two functions u,v : D — R defined by
u(z,y) = 2> —y* and v(z,y) = zy.

onsider the gradients Vu and Vv of the functions u and v, respectively. Then

nd Vv are parallel at each point (x, y) of D.

s (B) Vu and Vv are perpendicular at each point (z,y) of D.
N (C)Vu and Vv do not exist at some points (x,y) of D.
/ (D) Vu and Vo at each point (z,y) of D span R,
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Q. 34 Consider the two functions f(x,y) = = + y and g(z,y) = ry — 16 defined on R%. Then
N\

L\
> 4

(A) the function f has no global extreme value subject to the condition g = 0.

(B) the function f attains global extreme values at (4, 4) and (—4, —4) subject to the COHEQ&QIEI/

g9=0. &
o~
(C) the function g has no global extreme value subject to the condition f = 0. X3 &
p {/'\“\ o
(D) the function g has a global extreme value at (0, 0) subject to the conditigﬁ\‘f = 0. %'2}
& il
> ,\OQ'
Q.35 Let f : (a,b) — R be a differentiable function on (a,b). Which ef'the (@ljovéﬁg\g statements
. 9 N x / C)
is/are true? ‘,\\:\ D (;\
a2
(A) f" > 0in (a,b) implies that f is increasing in (a, b). (-~ ({\0

2N\

AT R
\ NV &
(B) f isincreasing in (a, b) implies that f' > 01 a,b). S

(C) If f'(x0) > 0 for some z € (a,b), then there exists a
all z € (xg, 0+ 9).

(D) If f'(x¢) > 0 for some ¢ € (a,b), then f is increasing in a neighbourhood of z.

Q. 36 Let GG be a finite group of order 28. Assume that G contains a subgroup of order 7. Which of
the following statements is/are true?

(A) G contains a unique subgroup of order 7.
(B) G contains a-normal:subgroup of order 7.
(C) G contains:no normal subgroup of order 7.

(D) G contains at least two subgroups of order 7.

Q. 37 Which of'the following subsets of R is/are connected?
- (A) The set {z € R : z is irrational }. (B) The set {x e R: % — 1 > 0}.

(CyThe set {x € R: 2 +-x 41> 0}. (D) The set {z € R: 2% — 2z +1 > 0}.

MA 12/17



JAM 2021 MATHEMATICS - MA

Q.38

Q.39

Q. 40

Consider the four functions from R to R:
N
fil) =2 +32° + To + 1, fo(x) =2 + 32% + 42, f3(x) = arctan(z) ENY
Ch ‘/
and N7
v ifzdZ X
f4(37) = . AN
0 ifzx€Z. AN o
) X
Which of the following subsets of R are open? o\ Q()‘b
<~ K4
(A) The range of f;. (B) The range of f5. /\\ C@Q)
O o
(C) The range of f3. (D) The range of JEL: O & c:,é'\z\
SO
/\/ -\\\'/ K
_ N Py, ,1\0
A AN
Let V' be a finite dimensional vector space and T : V= Vbe a\Qlc?lear transformation. Let

R(T') denote the range of T" and N (T') denote the null \spgc ‘@ eV :Tv=0}of T. If
rank(7) = rank(7?), then which of the following is/are nece§sarily true?

(A) N(T) = N(T?). (B) R(T) =R(T?).
O N(T)NR(T) = {0}. (D) N (T') = {0}.

Let m > 1 and n > 1 bedntegers. Let A be an m x n matrix such that for some m x 1 matrix
b1, the equation Ax = by has infinitely many solutions. Let b, denote an m x 1 matrix different
from b;. Then Ax= b, has

(A) infinitely many seolutions for some bs. (B) a unique solution for some b,.

(C) no solution for some b,. (D) finitely many solutions for some bs.

MA
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SECTION - C
NUMERICAL ANSWER TYPE (NAT) AN
QY
Q. 41 - Q. 50 carry one mark each. , aV
Q. 41 The number of cycles of length 4 in S is . . \/i\
o §
<O 3
Q. 42 The value of X (\%'b
1 RS
n < >
lim (3“ 50 7”) R Q

is

Q.43 Let B={(r,y,2) € R®: 2* +y* + 2? < 1} and define u{ﬁc,
for (z,y, z) € B. Then the value of

MG 5

is

Q. 44 Consider the subset S = {(z,y) : 2% + y? > 0} of R2. Let

Y xXr
P(z,y) = N and Q(z,y) = RN

for (z,y) € S. If C denotes, the unit circle traversed in the counter-clockwise direction, then
the value of

1
;L@M+Q@)

Q. 45 sider theset A = {a € R : 2* = a(a+1)(a+2) has a real root }. The number of connected

compounents of A is

R O\ ,’46;, L’e/ft' 1/ be the real vector space of all continuous functions f : [0, 2] — R such that the restriction

t}f f‘ to the interval [0, 1] is a polynomial of degree less than or equal to 2, the restriction of f

’to the interval [1,2] is a polynomial of degree less than or equal to 3 and f(0) = 0. Then the
dimension of V isequalto
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Q. 47 The number of group homomorphisms from the group Z, to the group Ss is

AN
QV
0
Q.48 Lety : (15,3) — R be a differentiable function satisfying &
QO
(m—2)@+(2x+ )=0, z€ 33 andy(1) =1 Q?”)
o v 10°°)" Y _.&\§ @
~ ol
Then y(2) equals : X &)
Qfo S
~ Q)

Q.49 Let F = (y+ 1)e¥ cos(x)i 4 (y + 2)e¥ sin(x)] be a vector field in @@)\hnd G be es’eontlnuously
differentiable path with the starting point (0, 1) and the end po;\@ O)\\'i"ha(l

\\’

\

equals

Q. 50 The value of
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Q. 51 - Q. 60 carry two marks each.

Q. 51 The number of elements of order two in the group S, is equal to . \\ v

LS
Q. 52 The least possible value of %, accurate up to two decimal places, for which the, féllowing
problem \ <

2>
y'(t) +2y'(t) + ky(t) = 0,1 € R, O S
y(0) =0y(1) =0.y(1/2) =1, &

. . o {nm ) ;/V/' ‘\
has a solution is . PG -
O A AN
SO & P
R
. . . O TN .
Q. 53 Consider those continuous functions f : R — R that h@gé\the )g\(@p{%@ that given any x € R,

5 &
f(z) € Qifand only if f (2 1) RX Q.
&

The number of such functions is

Q. 54 The largest positive number a such that

/05 f(z)dx + /03 fH(z)dr > a

for every strictly increasing surjective continuous function f : [0, c0) — [0, 00) is

Q. 55 Define the sequence

( n—2
1 .
o Z 2% ifn > 0 is even,
=0
Sy =
1 n—1
o 227 ifn > 0 is odd.
\ J=0

WY Deﬁne Om = — Z $pn. The number of limit points of the sequence {0, } is :

n=1
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Q. 56 The determinant of the matrix

2021 2020 2020 2020
2021 2021 2020 2020 v
2021 2021 2021 2020 \\
2021 2021 2021 2021 2
is . Y &
<L >
X &
&
x& <
Q. 57 The value of QO ®
\J N
: fé) \/ c')\Q’\
b N7 NV O
lim e sin(nz)dr O Y S
n—oo Jq ‘..‘:\/ -\\\'

is

Q. 58 Let S be the surface defined by

Let F = —yi + (x — 1)} + 22k and 7 be the continuous unit normal field to the surface S with
positive z-component. Then the value of

%//S(Vxﬁ)-ﬁds

is
2 —1 W
Q.59 Let A= | 2 =1 .3 |. Then the largest eigenvalue of A is
ey’ —1

10 0 0
01 O . .
Let A = 00 1 . Consider the linear map 7’4 from the real vector space M, (R)
N\ ¢ \o0o0 0 -1
7/ toritself defined by Ty (X) = AX — XA, forall X € M,(R). The dimension of the range of
7 T, is

END OF THE QUESTION PAPER
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